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Abstract
Brownian motions above the group G of volume preserving diffeomorphisms of the torus T d , d  2,
are constructed. The asymptotic behaviour for large time of those processes shows the nonexistence of a
probability measure invariant under the deterministic incompressible fluid dynamics. The energy induces
on the group of volume preserving diffeomorphisms of T 2 a Riemannian structure which has a positive
renormalized Ricci tensor.
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0. Introduction
The motion of an incompressible fluid conserves the volume; as a consequence a solution
of the Euler equation generates a local group of unitary operators on L2, the Hilbert space of
complex-valued square integrable functions. Lack of compactness in a bounded domain can ap-
pear uniquely through the dissipation of energy from large towards small scales. We follow the
Arnold paradigm which interprets Euler equation as the equation of geodesics on the volume
preserving diffeomorphism group; this paradigm is developed on the d-dimensional torus where
Fourier series makes possible to develop explicitly computations of differential geometry. In this
context lack of compactness can come only from the energy dissipation from low modes to high
modes. In the case of a random motion we introduce the transfer energy matrix which computes
exactly and effectively this energy dissipation: indeed randomness makes cross correlations be-
tween different modes disappear. Section 2 of this paper is the random counterpart of the doubtful
statement “for any initial data the deterministic Euler equation has a solution valid for all positive
times.” This statement has a true stochastic analog which is proved by a majoration of the energy
dissipation. Section 4 of this paper gives a minoration of the energy dissipation for large time.
From the random results we deduce that the deterministic Euler flow cannot leave invariant
any probability measure. This lack of ergodicity can be heuristically explained by the passage of
the energy to smaller and smaller scales during the time evolution. From a physical point of view
this effect is meaningless according to the atomic structure of the matter (and also the strong
viscosity damping on high modes). As a consequence Euler equation does not appear to be a
realistic model for large time evolution of a physical fluid.
Arnold has shown the negativity of some sectional curvature of the diffeomorphism group;
from this fact he deduced the impossibility of long term weather prediction. Ricci tensor can be
expressed in terms of some trace of the sectional curvature; nevertheless we prove that in the
two-dimensional torus case the Ricci tensor is “very much positive,” which means that it can be
expressed as the sum of a divergent series having all its terms positive (notice the different sign
conventions in our work and in Arnold’s). In finite dimensions Ricci uniform positivity implies
the existence of a finite volume measure; in fact Myers theorem states that Ricci uniform posi-
tivity implies compactness of the manifold: then the fundamental solution of the heat operator,
when time goes to infinity, gives rise to a tight family of probability measures with an invariant
measure as limiting point. We refer to [8] for a probabilistic construction, dimension free, of
invariant measures under Ricci uniform positivity assumptions. The combination of Sections 5
and 6 of this paper shows that in infinite dimension Myers type theorem does not hold true when
the “Ricci tensor is identically equal to +∞.”
Many important papers have appeared recently on Navier–Stokes equations excited by a ran-
dom noise producing ergodicity; in a related spirit [7] deals with a stochastic version of Euler
equation. We must emphasize that this paper has not for objective any stochastic version of fluid
dynamics; our objective is the deterministic fluid dynamic itself: Brownian motion appears only
as a technical tool used in the proof of our result.
Finally, in the last paragraph, we describe some invariant measures for the Euler velocity field
in the two-dimensional case. The nonergodicity described in this paper refers, indeed, to the
motion on the configuration space.
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The d-dimensional torus is denoted by T d . The 1-dimensional torus T 1 is identified with the
angle θ defined up to an integral multiple of 2π . We identify T d to d angles (θ1, . . . , θd) defined
up to a multiple integral of 2π .
A basic tool for our investigations will be Fourier developments. Recall that the dual group
of T d is the group Zd , the lattice of Rd constituted by points with integral coordinates. The
coupling between T d and its dual Zd is given by
〈k, θ〉 := exp(ik.θ), k.θ = k1θ1 + · · · + kdθd . (1.1)a
The collection {〈k,∗〉}k∈Zd constitutes an orthonormal basis of the space of complex-valued func-
tions, square integrable for the measure 1
(2π)d dθ
1 ⊗ · · · ⊗ dθd . Given a complex function f
defined on T d , its Fourier transform is defined as
fˆ (k) = 1
(2π)d
∫
T d
f (θ)〈−k, θ〉dθ1 ⊗ · · · ⊗ dθd (1.1)b
then if f ∈ L2 we have
f (θ) =
∑
k∈Zd
fˆ (k)〈k, θ〉. (1.1)c
Then f is real if and only if
fˆ (−k) = ¯ˆf (k). (1.1)d
We denote by Z˜d a subset of Zd such that each equivalence class of the equivalence relation
defined by k  k′ if k + k′ = 0 has a unique representative in Z˜d . Then expansion (1.1)c takes
the form
f (θ) = 2
∑
k∈Z˜2

fˆ (k) cos(k.θ)− fˆ (k) sin(k.θ). (1.1)e
In dimension 1 the usual convention is to take for Z˜1 the set of positive integers. In dimension
d  2 there is no analogous canonical choice of Z˜d .
We denote from now until the end of this paper by G the group of volume preserving diffeo-
morphisms of T d and by G its Lie algebra which is the space of vector fields with vanishing
divergence; the L2 norm defines on G a canonical Hilbertian structure [4,5,7].
To find an orthonormal basis of G (cf. [9]) we have to find for each k an orthonormal basis of
the space Vk := {z ∈ Cd : k.z = 0}; define
Ek :=
{
x ∈ Rd : k.x = 0}, then E−k = Ek (1.2)a
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orthonormal basis 1k , . . . , 
d−1
k of each Ek ; we make the convention to take
α−k := αk . (1.2)b
Then
{
Aαk := αk cosk.θ, Bαk := αk sin k.θ
}
k∈Z˜d ,α∈[1,d−1], (1.2)c
constitutes an orthonormal basis of the Hilbert space of square integrable real vector fields on T d
with vanishing divergence.
Let
bk,l : Ek × El → Ek+l be defined by bk,l(zk, zl) = (zk.l)zl − (zl .k)zk. (1.2)d
The function bk,l is defined on Ek × El and takes its values in Ek+l . In the orthonormal basis αk ,

β
l , 
γ
k+l it is expressed as
[bk,l]γα,β or, more intrinsically, bk,l ∈ (Ek ⊗ El ⊗ Ek+l )⊗C
this last identification being possible granted the Euclidean structure of the E∗.
The constants of structure have the following expression in the complex basis Aαk + iBαk[
zk × exp(ik.θ), zl × exp(il.θ)
]= bk,l(zk, zl)× exp(i(k + l).θ). (1.2)e
We may separate real and imaginary parts to obtain the constants of structure for the real basis
(1.2)c (cf. [9]). We give here a more explicit formulation.
Let us write
Cαk = Aαk + iBαk = αk exp(ik.θ).
Then
[
Cαk ,C
β
l
]= i exp(i(k + l).θ)[(l.αk )βl − (k.βl )αk ]
= i exp(i(k + l).θ) bk,l(αk , βl ). (1.3)a
In an analogous way we have
[
Cαk , C¯
β
l
]= −i exp(i(k − l).θ)ck,l(αk , βl ), (1.3)b
where
ck,l(zk, zl) = (zk.l)zl + (zl .k)zk. (1.3)c
Combining (1.3)a , (1.3)b and the identity
2
[
Aα,A
β]= 
([Cα,Cβ]+ [Cα, C¯β])k l k l k l
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2
[
Aαk ,A
β
l
]= −bk,l(αk , βl ) sin(k + l).θ + ck,l(αk , βl ) sin(k − l).θ
therefore
([
Aαk ,A
β
l
] ∣∣ Bγj )= −bk,l(αk , βl ).γk+lδj,(k+l) + ck,l(αk , βl ).γk−lδj,(k−l).
In an analogous way, and using the identities
2
[
Bαk ,B
β
l
]= 
([Cαk , C¯βl ]− [Cαk ,Cβl ]),
2
[
Aαk ,B
β
l
]= ([Cαk ,Cβl ]− [Cαk , C¯βl ])
we deduce the following
1.4. Theorem. The constants of structure of G are given by
[
Aαk ,A
β
l
]= 1
2
∑
γ
(−bk,l(αk , βl ).γk+lBγk+l + ck,l(αk , βl ).γk−lBγk−l),
[
Bαk ,B
β
l
]= 1
2
∑
γ
(
bk,l
(
αk , 
β
l
)
.
γ
k+lB
γ
k+l + ck,l
(
αk , 
β
l
)
.
γ
k−lB
γ
k−l
)
,
[
Aαk ,B
β
l
]= 1
2
∑
γ
(
bk,l
(
αk , 
β
l
)
.
γ
k+lA
γ
k+l + ck,l
(
αk , 
β
l
)
.
γ
k−lA
γ
k−l
)
.
The constant vector fields ∂i = ∂∂θi have a vanishing mutual bracket and act as
[
∂i,A
α
k
]= −kiBαk , [∂i,Bαk ]= kiAαk .
For the two-dimensional torus case, and as in [7], we take for orthonormal basis of G the
constant vector fields and the following vector fields
Ak = 1|k|
[
(k2 cosk.θ)∂1 − (k1 cosk.θ)∂2
]
, (1.4)a
Bk = 1|k|
[
(k2 sin k.θ)∂1 − (k1 sin k.θ)∂2
]
, (1.4)b
where k ∈ Z˜2 − ((0,0)), |k|2 = k21 + k22 .
1.5. Theorem. The constants of structure of G in the two-dimensional case are given by
[Ak,Al] = [k, l]2|k||l|
(|k + l|Bk+l + |k − l|Bk−l),
[Bk,Bl] = − [k, l]
(|k + l|Bk+l − |k − l|Bk−l),2|k||l|
1908 A.-B. Cruzeiro, P. Malliavin / Journal of Functional Analysis 254 (2008) 1903–1925[Ak,Bl] = − [k, l]2|k||l|
(|k + l|Ak+l − |k − l|Ak−l)
together with
[∂i,Ak] = −kiBk, [∂i,Bk] = kiAk.
Proof. We refer to [7, Theorem 2.3]. It is also a consequence of the last theorem: indeed, for
d = 2, k = 1|k| (k2,−k1), (l.k) = 1|k| [l, k]; therefore,
bk,l = [l, k]|k||l|
(
l2 + k2,−(l1 + k1)
)
,
ck,l = [l, k]|k||l|
(
l2 − k2,−(l1 − k1)
)
and the coefficients of the constants of structure simplify accordingly. For example, the coeffi-
cient in front of Bk+l of the bracket [Ak,Al] is equal to
−bk,l(k, l).k+l = [k, l]2|k||l| |k + l|
2. 
1.6. Renormalized Brownian motions
The Lie algebra G has a natural Hilbertian structure, which induces a natural G-cylindrical
Brownian motion x(t) defined as
x(t) :=
∑
k∈Z˜d
Ak.x
2(t)+Bk.x1k (t), (1.6)a
where {(x1k , x2k )} is a sequence of independent R2d -valued Brownian motions. The cylindrical
Brownian motion can be realized as a Borelian measure on the Sobolev space of negative in-
dex Hδ where 2δ < −d . The negativity of δ forbids any tentative of nonlinear exponentiation
from the “Lie algebra to the underlying Lie group”: the cylindrical Brownian motion must be
renormalized.
The G-valued ρ-renormalized Brownian motion is the G-valued Gaussian process y(t) defined
as
y(t) := ρ(x(t)), (1.6)b
where ρ will be an Hermitian operator which diagonalizes in the basis {Ak,Bk} with the same
eigenvalue λk on Ak and Bk ; we assume
∑
k∈Z˜2
[λk]2 < ∞, which is necessary and sufficient for y(t) to be a G-valued process. (1.6)c
The G-valued ρ-Brownian motion is the G-valued process gy,t defined by the following
Stratonovitch SDE
dgy,t = ◦dy(t)gy,t , gy,0 = Identity. (1.6)d
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Δρ = 12
∑
k∈Z˜d ,α∈[1,d−1]
|λk|2
([
DAαk
]2 + [DBαk
]2)
, where
[DZf ](g) = d
d=0
f
(
exp(Z)g
)
. (1.6)e
The proof of the existence of gy,t will occupy Section 2 of this paper. We shall follow an
approach already used in [7] for the study of the stochastic parallel transport in the diffeomor-
phism group of the two-dimensional torus as well as in [1] in the case of the diffeomorphisms of
the circle and in the context of Virasoro algebra. Namely we compute the matrix describing the
energy transfer between Fourier modes, after given a representation of the process in the unitary
group of the space L2(T d) via its matrix components.
We remark that in order to prove our main result (Theorem 5.1) we only need the existence of
Brownian motions generated by a finite number of vector fields; in order to insure their existence,
Kunita’s results [12] could be used. Alternatively we could use similar techniques to those used
in [10] to prove existence, even for an infinite number of vector fields (cf. also [2]). Nevertheless
we shall need the estimates coming from the energy transfer matrix, which, as a byproduct, also
insure existence of the processes.
1.7. The regular representation
Let U be the unitary group of L2(T d), the Hilbert space of complex-valued square integrable
functions. Then the regular representation is defined as the map
j :G → U associating to g ∈ G the operator Ug(f ) = f ◦ g, ∀f ∈ L2. (1.7)a
Then
j (g1g2) = j (g2)j (g1). (1.7)b
The multiplicative unitary subgroup: We denote by Um the subgroup of the unitary group U
defined by
Um := {U ∈ U; U(f1f2) = U(f1)×U(f2), ∀f1, f2 ∈ L∞(T d)}. (1.7)c
The range of j is contained in Um. (1.7)d
The representation j induces a morphism j˜ of Lie algebras; define
Aαk = j˜
(
Aαk
)
, Bαk = j˜
(
Bαk
)
, Aαk ,Bαk ∈ su(G), (1.7)e
the Lie algebra of antisymmetric operators on L2(T d).
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Stratonovitch SDE
dUy,t = Uy,t
( ∑
k∈Z˜2
Ak ◦ dy2k (t)+Bk ◦ dy1k (t)
)
(1.7)f
the passage from the left into (1.6)d to the right into (1.7)f comes from (1.7)b .
2. Transfer energy matrices and existence of unitary Brownian motions
We parametrize Ug by its matrix coefficients in the complex Hilbert space of square integrable
complex-valued functions defined as
c
q
s (g) =
(
Ug(es)
∣∣ eq) := 1
(2π)d
∫
T d
exp
{−iq.θ + is.g(θ)}dθ, q, s ∈ Zd. (2.1)a
In this parametrization the operators Aαk , Bαk have the following expressions
[Aαk cqs ](g) = ((DAαk U∗
)
g
(es)
∣∣ eq)= i
(2π)d
∫
T d
exp−i(q.θ − s.g(θ))× (s.Aαk )(g(θ))dθ
and analogously for [Bαk cqs ](g).
Remark that
s.Aαk =
(
s.αk
)
coskθ = (s.
α
k )
2
(
eikθ + e−ikθ ),
s.Bαk =
(
s.αk
)
sin kθ = (s.
α
k )
2i
(
eikθ − e−ikθ ).
Therefore,
Aαk cqs =
i
2
(
s.αk
)(
c
q
s+k + cqs−k
)
, Bαk cqs =
1
2
(
s.αk
)(
c
q
s+k − cqs−k
); (2.1)b
in particular
Aαk es =
i
2
(
s.αk
)
(es+k + es−k), Bαk es =
1
2
(
s.αk
)
(es+k − es−k). (2.1)b′
Iterating
[Aαk ]2cqs = − (s.
α
k )
2
4
(
c
q
s+2k + cqs−2k + 2cqs
)
,
[Bαk ]2cqs = (s.
α
k )
2
4
(
c
q
s+2k + cqs−2k − 2cqs
);
finally
([Aα]2 + [Bα]2)cqs = −(s.α)2cqs ; (2.1)ck k k
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([Aαk ]2 + [Bαk ]2)es = −(s.αk )2es. (2.1)c′
Let Dk the diagonal matrix having for eigenvalues
[Dk]ss = −
∑
α
(
s.αk
)2 =
(
s.
k
|k|
)2
− |s|2
then the SDE (1.7)f takes the Itô form
dUy,t = Uy,t
( ∑
k∈Z˜d
Ak. dy2k (t)+Bk. dy1k (t)+
λ2k
2
Dk dt
)
. (2.1)d
2.2. Theorem. Consider the coefficients of the matrix Uy,t
c
q
s (y, t) = cqs (gy,t ), q, s ∈ Zd, (2.2)a
fixing q ∈ Z, then the energy functional
ξ
q
t (s) = E
(∣∣cqs (y, t)∣∣2) (2.2)b
satisfies the infinite system of first order differential equations
dξ
q
t (s)
dt
= 1
2
∑
k∈Z˜d
λ2k
(
|s|2 −
(
s.
k
|k|
)2)(
ξ
q
t (s + k)+ ξqt (s − k)− 2ξqt (s)
)
. (2.2)c
Proof. Using (2.1)d , (2.1)b′ , (2.1)c′ the Itô differential
dc
q
s (y, t)
= 1
2
∑
k,α
((
s.αk
)[
i(es+k + es−k).dy2k + (es+k − es−k).dy1k
]− λ2k(s.αk )2es dt ∣∣U∗y,t (eq)),
dc¯
q
s (y, t)
= 1
2
∑
k,α
(
U∗y,t (eq)
∣∣ (s.αk )[i(es+k + es−k).dy2k + (es+k − es−k).dy1k ]− λ2k(s.αk )2es dt).
By Itô Calculus
d
{
c
q
s (y, t)c¯
q
s (y, t)
}
=
∑
k
λ2k
(
|s|2 −
(
s.
k
|k|
)2){
−cqs (y, t)c¯qs (y, t)+ 14
∣∣(es+k + es−k ∣∣U∗y,t (eq))∣∣2
+ 1 ∣∣(es+k − es−k ∣∣U∗y,t (eq))∣∣2
}
dt + dMt, (2.2)d4
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∣∣(es+k + es−k ∣∣U∗y,t (eq))∣∣2 + ∣∣(es+k − es−k ∣∣U∗y,t (eq))∣∣2
= [(es+k ∣∣U∗y,t (eq))+ (es−k ∣∣U∗y,t (eq))]× [(U∗y,t (eq) ∣∣ es+k)+ (U∗y,t (eq) ∣∣ es−k)]
+ [(es+k ∣∣U∗y,t (eq))− (es−k ∣∣U∗y,t (eq))]× [(U∗y,t (eq) ∣∣ es+k)− (U∗y,t (eq) ∣∣ es−k)];
by a remarkable cancellation
2
∣∣(es+k ∣∣U∗y,t (eq))∣∣2 + 2∣∣(es−k ∣∣U∗y,t (eq))∣∣2
= 2cqs+k(y, t)c¯qs+k(y, t)+ 2cqs−k(y, t)c¯qs−k(y, t). 
2.3. Transfer energy matrix
Corollary. Define ξqt as ξqt (∗), then ξt satisfies the ODE
dξt
dt
=M(ξt ), (2.3)a
where M is a real symmetric negative matrix.
Furthermore the real quadratic form associated to M has the following expression
(M(ξ) ∣∣ ξ)= 1
2
∑
k∈Z˜d , s∈Zd
λ2k
((
s.
k
|k|
)2
− |s|2
)(
(ξs − ξs+k)2 + (ξs − ξs−k)2
)
. (2.3)b
2.4. Remark. The remarkable cancellation appearing in the proof of Theorem 2.2 can be ex-
plained by the natural isomorphisms of the underlying probability space y generated by the
translations of T d : see [1,7] for analogous developments.
2.5. Jump process
Following the procedure in [1] as well as in [7], we notice that the exponentiation etM is
equivalent to the construction of a jump process associated to the Dirichlet form defined by M,
namely
Q(f ) :=
∑
k,l
Mkl
(
f (k − l)− f (l))2.
Rescale the l column of the matrix M by dividing each term by −Mll ; then we obtain a prob-
ability measure carried by the complement of l; making this construction for all l we define a
random walk X(n) on Zd . The jumps which can appear are −k,+k where λk = 0.
Denote X(n) the random walk andFn the associated filtration. The random walk is symmetric
in the sense that is transition probability is preserved by symmetry; under the special assumption
EFn(|X(n+ 1)−X(n)|) < ∞ we have EFn(X(n+ 1)) = X(n).
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η(t) := X(ϕ(t)),
where the change of clock ϕ(t) is the integer-valued function ϕ(t):
∑
nϕ(t)
1
Mll
×Λn  t <
∑
nϕ(t)+1
1
Mll
×Λn,
and where {Λk} is a sequence of independent exponential times.
The jump process η(t) has for state space Zd .
The infinitesimal generator of the process η is the matrixM. (2.5)a
2.6. Theorem. Assume that only a finite number of λk are nonvanishing. Then the jump process
η is conservative.
Proof. Conservative means that the process cannot go to infinity in finite time. The proof of this
statement can be drawn following the pattern which have been developed in [7, Theorem 5.2] for
a different but nevertheless similar case. 
More elaborated criteria of conservativeness can be developed: we refer to [13].
2.7. Theorem (Existence of the unitary Brownian motion). There exists a solution of the SDE
(2.1)d satisfying
Uy,t ∈ Um, U0 = Identity.
Proof. Let q be a positive integer and denote by Πq the orthogonal projection of G on all the
modes k satisfying |k| < q; let
Aqk = ΠqAkΠq, Bqk = ΠqBkΠq;
Consider the Stratonovitch SDE
dV
q,r
y,t = V q,ry,t
( ∑
|k|<r
Aqk ◦ dy2k (t)+Bqk ◦ dy1k (t)
)
V
q,r
y,0 = Identity; (2.7)a
as this equation can be reduced to the finite-dimensional space constituted by the image of Πq ,
it can be solved and gives rise to a unitary operator-valued process. Let M(q, r) be the transfer
energy matrix associated to (2.7)a ; let ζ q be the associated jump process. The escape rate at
infinity of ζ q is dominated by the escape rate of ζ∞, fact which shows that
lim
q,r→∞V
q,r
y,t (z) =: V ∞,∞y,t (z)
exists for the topology of the norm on G. Therefore ‖V∞y,t (z)‖G = ‖z‖G and V ∞y,t is the wanted
solution (cf. [7, Theorem 6.2]).
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lim
q→∞V
q,r
y,t (z) =: V ∞,ry,t (z)
and write the Stratonovitch SDE corresponding to (1.6)d ,
dgry,t (θ) =
∑
|k|<r
Ak
(
gry,t (θ)
) ◦ dy2k (t)+Bk(gry,t (θ)) ◦ dy1k (t). (2.7)b
This equation has a solution which is a C∞ diffeomorphism: therefore V ∞,ry,t = j (gry,t ) ∈ Um,
where Um has been defined in (1.7)c; as Um is closed for the topology of strong convergence of
operator limr→∞ V ∞,r = V ∞,∞ ∈ Um. 
3. Brownian motions on the group of volume preserving measurable automorphisms
We have the following
3.1. Theorem. Denote by G˜ the group of Borel measurable maps of T d in itself which preserve
the Lebesgue volume measure; define
q : G˜ → Um
by associating to h ∈ G˜ the operator
Uh(f ) = f ◦ h, ∀f ∈ L2. (3.1)a
Then the range of q coincides with Um.
Proof. As the injectivity is obvious, let us prove the surjectivity.
An indicator function f is characterized by the equation f 2 = f. (3.1)b
Let ϕ be an indicator function, by (2.4)a , we have [U(ϕ)]2 = U(ϕ2) = U(ϕ); therefore
ψ = U(ϕ) is also an indicator function.
The relation A ⊂ B is characterized by the equation 1A × 1B = 1A; (3.1)c
therefore U preserves the inclusion relation between measurable sets.
Let Dn be the dyadic partition:
θi
2π
∈
[
ki
2n
,
ki + 1
2n
[
, ki = 0, . . . ,2n − 1, i = 1, . . . , d;
thenDn is transformed by U in a partition Fn; a function which isDn-measurable is transformed
by U in a function which is Fn-measurable; therefore U transforms D∗-martingales into F∗-
martingales. Let F = (F1, . . . ,Fd), Fi(θ) := θi , i = 1, . . . , d , be the coordinate function and
consider
Φ(θ) := (U(F1), . . . ,U(Fd)) (3.1)d
and the associated martingales: Fn := EDn(F ), Φn := EFn(Φ).
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by sequence of 0 and 1: the kth digit is 0 if we pick the left-hand side of the splitted interval and
1 otherwise. The same sequence generates also a path for the Φ∗ martingale. By the martingale
convergence theorem the following limits exists almost surely
lim
n
F∗ =: θp, lim
n
Φ∗ =: ϕp; we define h(θp) := ϕp. 
3.2. Corollary. Assume that jump process is conservative; then there exist a G˜-valued process
gy,t such that the unitary Brownian motion Uy,t satisfies
Uy,t = q(gy,t ), (3.2)a
[
Uy,t (z)
]
(θ) = z(gy,t (θ)), ∀z ∈ G. (3.2)b
4. Dissipativity for large time of the energy towards high modes
The following large time asymptotics result holds.
4.1. Theorem. Assume that there exist d −1 sets of d vectors αk0, . . . , αkd , with α = 1, . . . , d −1,
each set being linearly independent and such that λki = 0 ∀i. Let gy,t be the corresponding
process defined in (3.2) and cqs the functions defined in (2.1)a . Then
lim
t→∞E
(∣∣cqs (gy,t )∣∣2)= 0 ∀q, s, s = 0. (4.1)a
Proof. Take w1 = cos(s.θ), w2 = sin(s.θ), then
c
q
s (γy,t ) =
((
Uy,t (w1)
∣∣ eq)+ i(Uy,t (w2) ∣∣ eq))(gy,t ),(
Uy,t (w1)
∣∣ eq)= (w1 ∣∣U∗y,t (eq))=
∑
j
(w1 | ej )×
(
ej
∣∣U∗y,t (eq)).
Therefore (4.1)a is equivalent to
lim
t→∞E
(∣∣(ej ∣∣U∗y,t (eq))∣∣2)= 0 ∀j. (4.1)b
We have
E
(∣∣(ej ∣∣U∗y,t (eq))∣∣2)= ξt (j), where ξ0(j) = δqj . (4.1)c
The theorem will be proved by the following
4.2. Lemma. For all j0 fixed, limt→∞ ξt (j0) = 0.
Proof. Define a measure ν on Zd by associating to each point a unit mass and consider the
Hilbert space H := L2ν(Zd). Let C∞ be the space of functions defined on Zd with compact
support; then define
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l
Mkl φ(l); then (4.2)a
[M(φ)]k  2‖φ‖∞Mkk, φ ∈ C∞. (4.2)b
Define a quadratic form
Q(φ) := (M(φ) ∣∣ φ)
L2ν
=
∑
k∈Z˜d , s∈Zd, k =s
λ2k
(
|s|2 −
(
s.
k
|k|
)2)(
(φs −φs+k)2 + (φs −φs−k)2
)
. (4.2)c
Then Q is a Dirichlet form and
∣∣φ˜(s)− φ˜(s′)∣∣ ∣∣φ(s)− φ(s′)∣∣→Q(φ˜)Q(φ).
We have Q(φ) < ∞ ∀φ ∈ C∞; in fact we have only to consider a finite numbers of columns
k corresponding to the support of φ and use the majoration given in (4.2)b .
Define on C∞ a prehilbertian norm
‖φ‖2D :=Q(φ)+ ‖φ‖2L2ν . (4.2)d
Let D be the associated Hilbert space constructed by completing C∞ for the norm (4.2)d ; denote
N the operator D→ L2ν defined by the closure ofM inH. ThenN is a selfadjoint operator and
we have
‖f ‖2D := (Nf | f )L2ν + ‖φ‖2L2ν . (4.2)e
Using the spectral theorem (see for instance [15, Chapter XI]),
N =
0∫
−∞
λdΠ(λ), (4.2)f
where Π(λ) is an orthogonal projection operator in the Hilbert space L2ν , the map λ →
Image(Π(λ)) being an increasing function with values in the closed subspaces of L2ν ; then define
Ptf =
0∫
−∞
exp(tλ) d
(
Π(λ)f
) ∀f ∈H.
Using the theory of Dirichlet forms (see [11]), we have
Pt (f )(k0) = Ek0
(
f
(
η(t)
)) ∀f ∈ G˜. (4.2)g
For all f ∈ G˜ we have
lim ‖Ptf ‖L2 = 0. (4.2)h
t→∞ ν
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‖Ptf ‖2l2 =
0∫
−∞
exp(tλ) d
(∥∥Π(λ)f ∥∥2).
This integral does not converge to 0 if and only if the measure d(‖Π(λ)f ‖2) has a Dirac mass
at the origin, which means that there exists
ψ ∈ L2ν, ψ = 0, such that Q(ψ) = 0.
Since Q(ψ) = 0 we have
ψ(s + k) = ψ(s) = ψ(s − k) ∀(s, k), λ2k
∑
α
(
s.αk
)2 = 0 or λk = 0, k = αs, α ∈ R.
Fix s0 = 0; then for some i = 1, . . . , d , we have ki = αs. Then we have ψ(s0 + rki) = ψ(s0) for
all integers r . As ψ ∈ L2ν this will imply ψ(s0) = 0.
Finally, defining φl as φl(k) = δlk , we conclude by
ξt (j0) =
(
Pt (φj )
∣∣ φq) ∥∥Pt (φj )∥∥L2ν . 
From this result we deduce the following
4.3. Theorem (Nonexistence of a Haar-type invariant measure). Under the assumptions of The-
orem 4.1, a probability measure Θ carried by G˜ which is infinitesimally invariant under the left
action of Aαki , Bαki , i = 1, . . . , d , does not exist.
Remark. André Weil [14] has shown that a group having a translation invariant structure of mea-
surable space with a translation invariant measure is equivalent as measurable space to a locally
compact group: the convolution of bounded integrable functions defines the hidden topology.
In our setting the hypothesis of infinitesimal invariance is weaker than the Weil hypothesis; of
course using [6] it is possible to go from an infinitesimal invariance to an integrated invariance
for a set of relatively thin of translations, set quite unsufficient to define convolution product of
integrable functions.
Proof of Theorem 4.3. Take for λki = 1, λk = 0, k = k0, . . . , kd , and let gy,t the corresponding
diffusion. Then by Plancherel,
∑
q
∣∣cqs (γ )∣∣2 = 1, ∑
q
∫
G˜
∣∣cqs (γ )∣∣2 Θ(dγ ) = 1.
Making the change of variables γ (θ) = θ ′ we get
∑
s
∣∣cqs (γ )∣∣2 = 1, ∑
s
∫ ∣∣cqs (γ )∣∣2 Θ(dγ ) = 1;
G˜
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∑
|s|<α
∫
G˜
∣∣cqs (γ )∣∣2 Θ(dγ ) > 12 .
Since the measure is invariant under the left action of Aαki , Bαki , it is also invariant for the
Stratonovitch equation driven by these vector fields and
∑
|s|<α
E
(∫
G˜
∣∣cqs (gy,t γ )∣∣2 Θ(dγ )
)
>
1
2
∀t > 0.
By permuting E and
∫
we get
∫
G˜
[ ∑
|s|<α
E
(∣∣cqs (gy,t γ )∣∣2)
]
Θ(dγ ) >
1
2
∀t > 0, (4.3)a
where
c
q
s (gy,t γ ) =
∫
T 2
exp
{−iq.θ + is.gy,t (γ (θ))}dθ. (4.3)b
By using (2.1)a and Parseval identity
c
q
s (gy,t γ ) =
∑
l
cls(gy,t )c¯
l
q
(
γ−1
)
. (4.3)c
We have
∑
l
∫
G˜
[
clq
(
γ−1
)]2
Θ(dγ ) = 1.
Therefore there exists β = β(α) < ∞ such that
∑
|l|>β
∫
G˜
[
clq
(
γ−1
)]2
Θ(dγ ) <
1
4ηα
, (4.3)d
where ηα = {s: |s| α}. Then,
E
∫
G˜
∣∣∣∣
∑
|l|>β
cls(gx,t )c¯
l
q
(
γ−1
)∣∣∣∣
2
Θ(dγ ) 1
4ηα
E
∑
|l|>β
∣∣cls(gx,t )∣∣2  14ηα ,
E
∫ ∣∣∣∣
∑
|s|<α, |l|>β
cls(gx,t )c¯
l
q
(
γ−1
)∣∣∣∣
2
Θ(dγ ) 1
4
,G˜
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∫
G˜
∑
|s|<α
[
c
q
s (gx,t γ )
]2
Θ(dγ ) 1
4
+E
∑
|l|<β, |s|<α
∣∣cls(gx,t )∣∣2.
Using (4.3)a we get
E
( ∑
|l|<β(α), |s|<α
∣∣cls(gx,t )∣∣2
)
 1
4
which contradicts (4.1)a . 
5. Nonergodicity of the Euler flow
We now prove our main result concerning the nonergodicity of Euler dynamics.
5.1. Theorem. Under the assumptions of Theorem 4.1, consider the infinitesimal dynamical sys-
tem generated by the Euler flow driven by linear combinations of the 2d(d − 1) vectors Aαki ,
Bαki
, α ∈ [1, d − 1], i = 1, . . . , d . Then it does not exist on G˜ a probability measure Θ which is
invariant under this flow.
Remark. The Lie algebra generated by these vector fields contains all vector fields having their
frequencies in a lattice: for those vector fields Θ is still invariant.
Proof. Take for λki = 1, λk = 0, k = k0, . . . , kd , and let gy,t the corresponding diffusion. The
theorem will result from the following theorem and from Lemma 5.3, which will reduce the proof
of (5.1) to the proof of (4.3). 
5.2. Theorem. The flows generated by the vector fields Aαk , Bβk solve the Euler equation.
Remark. These flows give example of solutions of Euler equation defined for time ranging from
−∞ to +∞.
Proof of Theorem 5.2. Following [7] we have to show that the Christofell coefficients  satisfy

(
Aαk
)(
Aαk
)= 0, (Bαk )(Bαk )= 0; (5.2)a
in dimension 2 formula (5.2)a results from [7, Theorem 3.2].
In general we have
J (Z) := ((Aαk )(Aαk ) ∣∣Z)= ([Z,Aαk ] ∣∣Aαk ) ∀Z ∈ G;
take Z an element of the basis:
J
(
Aβs
)= J (Bβs )= 0, s = 0;
remains to consider the constant vector fields ∂i then
[
∂i,A
α
k
]= −kiBαk , [∂i,Bαk ]= kiAαk : J (∂i) = 0. 
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E
(∫
G˜
Φ(gy,t γ )Θ(dγ )
)
=
∫
G˜
Φ(γ )Θ(dγ ). (5.3)a
Proof. We denote by E the probability space associated to an infinite number of independent
random variables {ηn} taking each with equal probability the values 1 or −1.
We fix  > 0 and consider the continuous G˜-valued curve ϕ,η defined for t  0 by
ϕ,η(t) = exp
((
t − k2)× ηkZρ(k))ϕ,η(k2), ϕ(0) = Identity, (5.3)b
where the integer k is determined by the condition t ∈ ]k2, (k + 1)2], where ρ(k) denotes the
remainder modulo 2d(d − 1) of the integer k and finally where
Zα2p = Aαkp , Zα2p−1 = Bαkp , p = 1, . . . , d, α = 1, . . . , d − 1.
By Theorem 5.2
t → exp(tZj ), j = 1, . . . ,2d, t ∈ R, satisfy the Euler equation. (5.3)c
Therefore ϕ is a curve constructed by a sequence of Euler evolution, we deduce that
∫
G˜
Φ
(
ϕ,η(t)γ
)
Θ(dγ ) =
∫
G˜
Φ(γ )Θ(dγ ), ∀ > 0, ∀η ∈ E, ∀t > 0, (5.3)d
taking expectation on η we get
E
(∫
G˜
Φ
(
φ,η(t)γ
)
Θ(dγ )
)
=
∫
G˜
Φ(γ )Θ(dγ ). (5.3)e
We conclude observing that the left-hand side of (5.3)e converges, when  → 0, towards the
left-hand side of (5.3)a . 
6. Ricci positivity for Diff(T 2)
In finite dimensions the sign of the curvature is closely related to ergodicity. A central result
is Myers theorem, already mentioned in the Introduction. This is no longer true in infinite dimen-
sions: an illustration is the Euler dynamics situation, where we have a positive Ricci tensor, as is
shown in this paragraph for the two-dimensional torus.
We shall follow the notations of [7]; in particular, let
αk,l = 14|k||l||k + l|
(|l + k|2 − |k|2 + |l|2)= 1
2|k||l||k + l|
(
l|(k + l)),
βk,l = 1
(|l − k|2 − |k|2 + |l|2)= 1 (l|(l − k)).4|k||l||k − l| 2|k||l||k − l|
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6.1. Theorem. The Christoffel symbols are the unbounded antihermitian operators on G given
by
Ak,Al = [k, l](αk,lBk+l + βk,lBk−l ),
Bk,Bl = [k, l](−αk,lBk+l + βk,lBk−l ),
Ak,Bl = [k, l](−αk,lAk+l + βk,lAk−l ),
Bk,Al = [k, l](−αk,lAk+l − βk,lAk−l ).
We remark the difference of the constants in the definition of α and β with those in [7]: this is due
to the fact that, taking indices in Z˜2, we only have to consider half of the quantities computed in
[7, Theorem 3.1].
We can therefore compute the corresponding curvature tensors and we have
6.2. Theorem. The Ricci tensor is positive, diagonal (and divergent) and has the following ex-
plicit expression
Ricci(Aj ) = 2
∑
i
[i, j ]2(αi,j αj,i + βi,j βj,i)Aj , (6.1)a
=
∑
i
[i, j ]4 (|i|
2 + |j |2)
|i|2|j |2|i − j |2|i + j |2 Aj (6.1)b
and
Ricci(Bj ) =
∑
i
[i, j ]4 (|i|
2 + |j |2)
|i|2|j |2|i − j |2|i + j |2 Bj . (6.2)
Proof. We have Ω(Ai,Aj ,Ai)Bl = 0 and
Ω(Ai,Aj ,Ai)
Al = I − II
where
I = AlAi,Bm
Bm
Aj ,Ai
, II = [Ai,Aj ]BnAlBn,Ai .
We compute I : either m = i + j , in which case

Al
Ai,Bi+j 
Bi+j
Aj ,Ai
= −[i, j ]αi,i+j [j, i]αj,i
for l = 2i + j and

Al 
Bi+j = −[i, j ]βi,i+j [j, i]αj,iAi,Bi+j Aj ,Ai
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
Al
Ai,Bj−i 
Bj−i
Aj ,Ai
= [i, j ]βi,j−i[j, i]βj,i
for l = 2i − j and

Al
Ai,Bj−i 
Bj−i
Aj ,Ai
= −[i, j ]αi,j−i[j, i]βj,i
for l = j .
Therefore I is equal to
[i, j ]2αi,i+jαj,i , if l = 2i + j,
−[i, j ]2βi,j−iβj,i , if l = 2i − j,
[i, j ]2(βi,i+jαj,i + αi,j−iβj,i ), if l = j.
Concerning
II = [Ai,Aj ]Bi+j AlBi+j ,Ai + [Ai,Aj ]Bi−j 
Al
Bi−j ,Ai
we consider the cases l = 2i + j , l = 2i − j and l = j , which give, respectively,
[i, j ]2
2|i||j | |i + j |αi+j,i ,
− [i, j ]
2
2|i||j | |i − j |αi−j,i
and
[i, j ]2
2|i||j |
(|i + j |βi+j,i + |i − j |βi−j,i).
We have then
Ω(Ai,Aj ,Ai) = [i, j ]2(ai,jA2i+j + bi,jA2i−j + ci,jAj ),
where
ai,j = αi,i+jαj,i − |i + j |2|i||j |αi+j,i ,
bi,j = −βi,j−iβj,i + |i − j |2|i||j |αi−j,i ,
ci,j = βi,i+jαj,i + αi,j−iβj,i − |i + j |2|i||j | βi+j,i −
|i − j |
2|i||j | βi−j,i
= βi,i+jαj,i + αi,j−iβj,i
= αi,jαj,i + βi,j βj,i .
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in the diagonal and symmetric ones in the non-diagonal terms; more precisely,
Ω(Bi,Aj ,Bi) = [i, j ]2(−ai,jA2i+j − bi,jA2i−j + ci,jAj ).
Therefore when we compute the trace, we get (6.1)a . In order to obtain (6.1)b , we write
2
∑
i
[i, j ]2(αi,j αj,i + βi,j βj,i)
= 1
2
∑
i
[i, j ]2 (j |i + j)(i|i + j)|i|2|j |2|i + j |2 +
1
2
∑
i
[i, j ]2 (j |j − i)(i|i − j)|i|2|j |2|i − j |2
=
∑
i
(|i|2 + |j |2)(|i|2|j |2 − (i|j)2)
|i|2|j |2|i − j |2|i + j |2 .
Since
|i|2|j |2 − (i | j)2 = [i, j ]2
we get (6.1)b .
The formula for Ricci(Bj ) may be derived by the same methods and gives a similar expression
(6.2). 
7. Infinitesimally invariant measures for the velocity field
The fact that Euler flow is nonergodic does not imply that there are no invariant measures
for its velocity field. These are known to exist (cf. [3] and references within). In this paragraph
we present an informal construction of a family of such infinitesimally invariant measures in the
two-dimensional torus case.
The equation for the Euler velocity field u(t, .) is
∂u
∂t
= −(u | ∇)u− ∇p, divu = 0. (7.1)a
Since we are in two dimensions we can write u = (−∂2φ, ∂1φ) and (7.1)a reads
∂(φ)
∂t
= ((−∂2φ | ∂1φ) ∣∣∇φ).
Consider the quantity Sp with p  2 (when p = 2 it corresponds to the enstrophy),
Sp =
∫
T 2
(φ)2(p−1) dθ. (7.1)b
Then
dSp = 2(p − 1)
∫
(φ)2p−3
(−∂2φ∂1(φ)+ ∂1φ∂2(φ)).dt
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dSp
dt
= 2(p − 1)
∫
φ∂2(φ)
2p−3∂1(φ)− 2(p − 1)
∫
φ∂1(φ)
2p−3∂2(φ)
= 2(p − 1)(2p − 3)
∫
φ(φ)2p−4∂2(φ)∂1(φ)
− 2(p − 1)(2p − 3)
∫
φ(φ)2p−4∂2(φ)∂1(φ)
= 0.
We conclude that Sp are invariant quantities for the Euler velocity dynamics.
Let us consider the measures formally defined by
dμγ (u) = Πk γ |k|
4
2π
exp
(
−1
2
γ |k|4|uk|2
)
duk
with γ > 0, which are Gibbs-type measures associated to the enstrophy.
7.1. Theorem. (See [3].) The measures μγ can be realized as probability measures in a Sobolev
space Hδ for δ < 1 and are invariant with respect to the Euler velocity flow.
Proof. Euler equation can be written, in its Fourier coefficients, as the equation of geodesics,
namely
dul
dt
= −
∑
i,j
li,j u
iuj .
By the explicit form of the Christoffel symbols,
∑
l
∂l
(∑
i,j
li,j u
iuj
)
= 0.
We also have ∑
li,j |l|2pxixj xl = 0.
In this sum, for example the terms
∑

Bi+j
Bi ,Bj
xBi xBj xBi+j = −
∑
[i, j ]αi,j |i + j |2pxBi xBj xBi+j
and
∑

Bi−j
Bi ,Bj
xBi xBj xBi−j =
∑
[i, j ]βi,j |i − j |2pxBi xBj xBi−j
=
∑
[i,−j ]βi,−j |i + j |2pxBi xB−j xBi+j
cancel since βi,−j = −αi,j and xB−j = xBj , and this is also true for the other (six) terms.
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divergence with respect to the measures μγ (both the divergence coming from “Lebesgue mea-
sure” as well as the term coming from the metric vanish). 
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